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The self-Kerr interaction is an optical nonlinearity that produces a phase shift proportional to
the square of the number of photons in the field. At present, many proposals use nonlinearities to
generate photon-photon interactions. For propagating fields these interactions result in undesirable
features such as spectral correlation between the photons. Here, we engineer a discrete network
composed of cross-Kerr interaction regions to simulate a self-Kerr medium. The medium has effective
long-range interactions implemented in a physically local way. We compute the one- and two-photon
S matrices for fields propagating in this medium. From these scattering matrices we show that our
proposal leads to a high fidelity photon-photon gate. In the limit where the number of nodes in the
network tends to infinity, the medium approximates a perfect self-Kerr interaction in the one- and
two-photon regime.
I. INTRODUCTION
The self-Kerr effect is a photon-number-dependent
nonlinearity. In a single bosonic mode, where [a, a†] = 1,
the unitary corresponding to a self-Kerr interaction with
strength χ and duration t is U(t) = exp(iχta†a†aa). At
the two-photon level, the transformation induced in the
Fock basis is
α |0〉+ β |1〉+ γ |2〉 → α |0〉+ β |1〉+ γei2χt |2〉 , (1)
where φ = 2χt is the phase shift acquired by the two-
photon component. There are many interesting ap-
plications of such an interaction, e.g. the creation of
cat states [1], parameter estimation [2, 3], quantum
devices [4], construction of qubits [5], and quantum
gates [6–8].
Independent of these applications, there is a long and
rich theoretical history of studying the field theory of
scattered photons from a spatially-extended self-Kerr
medium [9–17]. Due to experimental advances [18, 19],
there is renewed interest in such a medium in the con-
text of Rydberg vapors [20–22], coupled nonlinear cav-
ities [23–25], and even scattering from point-like Kerr
interactions [8, 26–29].
In this multimode (field-theoretic) setting, some appli-
cations could have limitations at the few photon level,
as pointed out by Shapiro [30] and Gea-Banacloche [31].
One central aspect of these objections could be for-
malized by the cluster decomposition principle (CPD)
[29, 32, 33]. Consider the scattering of (at most) two
photons off a nonlinear and spatially-localized system.
In general the single-photon scattering matrix is
Sω,ν = tωδ(ω − ν), (2)
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indicating a frequency dependent phase shift tω when
input ν and output ω frequencies are equal. The two-
photon S-matrix connecting input frequencies ν1 and ν2
to output frequencies ω1 and ω2 can be decomposed in
two terms
Sω1,ω2,ν1,ν2 = S
0
ω1,ω2,ν1,ν2 + iTω1,ω2,ν1,ν2 . (3)
The first term represents an energy-conserving process
for non-interacting photons,
S0ω1,ω2,ν1,ν2 =tω1tω2 [δ(ω1 − ν1)δ(ω2 − ν2)
+ δ(ω1 − ν2)δ(ω2 − ν1)], (4)
where tωk is the same as in Eq. (2), and the symmetrized
delta functions are due to bosonic statistics. The second
term arises from photon-photon interactions mediated by
the systems in the scattering region
Tω1,ω2,ν1,ν2 =Cω1,ω2,ν1,ν2δ(ω1 + ω2 − ν1 − ν2), (5)
where Cω1,ω2,ν1,ν2 is a function of the denoted frequencies
as well as various system parameters. The frequency con-
straint imposed by the delta function encodes energy con-
servation. A corollary of the CDP is that the T -matrix
(and therefore the S-matrix) cannot [29, 32], for a local
scattering site, be of the form
Cν1,ν2 [δ(ω1 − ν1)δ(ω2 − ν2) + δ(ω1 − ν2)δ(ω2 − ν1)].
(6)
However, for some applications the desired S-matrix is
exactly of the above form. Specifically in optical quan-
tum computing, the ideal S-matrix for a controlled-phase
gate would be Eq. (6) with Cν1,ν2 = e
iφ, where φ is the
phase shift (see Eq. (15) of [29]). Thus, it has been ar-
gued that it is impossible to construct a photon-photon
interaction in a way that would lead to a high fidelity
momentum-based phase gate [29].
In this paper, we describe a physical setup that cir-
cumvents the restrictions imposed by the cluster decom-
position principle. To that end we employ two tricks: (i)
ar
X
iv
:1
80
4.
08
53
1v
2 
 [q
ua
nt-
ph
]  
17
 N
ov
 20
18
2we use a spatially-distributed medium, and (ii) we mimic
counter-propagation in one chiral mode. As the length
of the medium goes to infinity we formally break the as-
sumptions of the CDP. The effective counter-propagation
allows us to avoid the spectral entanglement, which can
be traced back to momentum conservation [34].
Unfortunately, an infinitely long medium is unphysical.
Thus we consider a system composed of a 1D chain of N
interaction sites. Each interaction site has a cavity con-
taining a cross-Kerr medium, see Fig. 1 and Refs. [34, 35],
and supports two modes that couple independently to
left- and right-propagating fields. At the end of the 1D
chain there is a mirror which feeds back the output of
the last interaction site into itself, see Fig. 2 (a). This
effectively gives rise to a one-input, one-output system.
The mirror mimics a counter-propagating arrangement
by bouncing the chiral field back into the chain, propa-
gating in the opposite direction. Moreover the counter-
propagation can be interpreted as turning physically-
local interactions into effectively nonlocal ones, as rep-
resented in Fig. 2 (b). When combined, our approaches
to points (i) and (ii) allow us to engineer a self-Kerr non-
linearity for at most two propagating photons with a fi-
delity (relative to the ideal process) that increases in the
number of interaction sites.
Finally we use our multimode self-Kerr medium to
construct a nonlinear sign shift gate [7]. We were mo-
tivated by the recent proposal of Nysteen et al. [8] which
achieved a fidelity of F = 0.84 with two two-level emit-
ters. Here we show we show that with three sites (which
could be constructed from a total of six 3-level atoms)
we get F = 0.95 and generally we can approach F = 1
as the number of sites increases.
A. Notation and conventions
In this paper, we consider an external field which cou-
ples to local physical systems in different ways, such as
exemplified in Fig. 1. We denote the input and output
field operators by ain and aout, respectively. The field
couples to cavity operators, which we denote by a and b
satisfying [a, a†] = 1 = [b, b†] and [a, b†] = 0, with some
coupling strength
√
γ. When we consider more than one
physical interaction site, we denote the operators of site
i as ai and bi, satisfying the obvious commutation rela-
tions. The cavities in the interaction sites have resonance
frequencies ∆, and contain cross-Kerr Hamiltonians with
interaction strength χ.
II. THEORETICAL BACKGROUND:
INPUT-OUTPUT THEORY, CASCADING AND
SLH FRAMEWORK
We use input-output theory [40, 41] to describe the
interaction between a quantum system and an external
field in terms of the incoming and outgoing field opera-
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FIG. 1. (Color Online). (a) An interaction between two input
fields is mediated by a cavity containing a cross-Kerr medium,
described by Hamiltonian Hint = χa
†ab†b. The cavity decay
rate is γ and the cavity Hamiltonian is ∆a†a. (b) By feeding
one output mode of the cavity into the other input mode, we
expect to obtain an effective self-Kerr medium. (c) A cavity
with a self-Kerr medium, such that Hint = χa
†aa†a, which
is equivalent to Hint = χa
†a†aa up to a term proportional to
the number operator.
tors. As we need to model a network of connected quan-
tum systems, we use a generalization [42, 43] of the cas-
caded quantum systems formalism [44, 45]. The general-
ization is called the “SLH” framework [46].
The SLH formalism assigns to each site of a network
an operator triple G = (S,L,H). The L operator couples
the field to the local system (e.g.
√
γa is the operator that
couples a single mode cavity to the continuum), while H
is the local system Hamiltonian (e.g. ∆a†a). The S oper-
ators is trivial for all systems in this paper, so from now
on we drop it (and refer simply to “LH” parameters).
The SLH formalism then provides a set of algebraic rules
to obtain the parameters for the entire network in terms
of the individual sites, and subsequently the collective
Heisenberg equations of motion and input-output rela-
tions.
Next we leverage the relationship between input-
output theory and the scattering formalism [47, 48] to
compute the S-matrices that describe one and two pho-
ton transport in the systems of Fig. 2. For a detailed ac-
count on the relationship between the input-output and
scattering formalisms, see Refs. [34, 41, 47–50].
The external field is described by input and output
operators ain(t) and aout(t) satisfying[
ain(t), a
†
in(s)
]
= δ(t− s) =
[
aout(t), a
†
out(s)
]
. (7)
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FIG. 2. (Color Online). (a) A chain of N interaction sites.
The unit cell in Fig. 1(a) is represented differently here. Black
dots represent cavity modes, while the purple dashed lines
represent the cross-Kerr interaction. We enforce chirality of
the fields by using circulators, which we represent by circles
with arrows. By cascading N interaction sites and connecting
the output of the upper chain into the input of the lower chain,
we simulate counter-propagating conditions, the basis of the
proposal in [34, 35]. (b) The cascading in (a) can also be seen
effectively as a local implementation of a series of nonlocal
interactions, similar to a spin ladder-type interaction [36–39].
We can define analogously delta-commuting frequency-
domain operators ain(ω), related to ain(t) by
ain(t) =
1√
2pi
∫
dω ain(ω)e
−iωt, (8)
with an equivalent relation between aout(ω) and aout(t).
We can then define the scattering eigenstates (i.e.
states which are frequency eigenstates at the asymptotic
past/future) as
a†in(ω) |0〉 = |ω+〉 and a†out(ω) |0〉 = |ω−〉 , (9)
and the local system is assumed to be in the ground state.
From the scattering states we define the single-photon S-
matrix:
Sω,ν := 〈ω−|ν+〉 = 〈0|aout(ω)a†in(ν)|0〉. (10)
The two-photon S-matrix can be written analogously as
Sω1,ω2,ν1,ν2 := 〈ω−1 ω−2 |ν+1 ν+2 〉
= 〈0| aout(ω1)aout(ω2)a†in(ν1)a†in(ν2) |0〉 .
(11)
Propagating photons are not single-frequency entities,
they must be described by wavepackets. The final in-
gredient needed is to specify an input photon in some
frequency-domain wave packet |1ξ〉 =
∫
dν ξ(ν)a†in(ν) |0〉.
Then we can use the S-matrices to obtain the output
wavepacket as, e.g.,
|1ξ˜〉 =
∫
dν dω Sω,νξ(ν)a
†
out(ω) |0〉
=
∫
dω ξ˜(ω)a†out(ω) |0〉 ,
where ξ˜(ω) =
∫
dν Sω,νξ(ν), with an analogous descrip-
tion for two-photon transport.
III. SINGLE-SITE SELF-KERR SCATTERING
Refs. [28, 29] derived the S-matrix for one- and two-
photon transport through a single-site self-Kerr medium
inside a cavity. Using our notation and formalism, the
system considered in [28, 29] can be described by the LH
parameters:
Gsys =
(√
γa,∆a†a+ χa†aa†a
)
, (12)
with the cavity decay rate γ, resonance frequency ∆, and
interaction strength χ. The S-matrix obtained in [28, 29]
can be written as in Eqs. (2)–(5) with
tω = Γ¯ω, (13)
and
Cω1,ω2,ν1,ν2 = −
χγ2
2pi
(
1 +
iχ
Γω1 + Γω2
)−1
× 1
Γν2Γν1Γω2Γω1
, (14)
where we defined the shorthands
Γω :=
γ
2
+ i(∆− ω), Γ¯ω := Γ
∗
ω
Γω
. (15)
This result can be written in the original notation of [28,
29] by setting χ→ χ/2, γ → 2/τ , and ∆→ ωc.
Next we show how a similar S matrix can be obtained
via a cross-Kerr interaction supplemented by a mirror,
most notably in terms of the spectral entanglement of
outgoing wave packets. However, as we concatenate these
interaction sites into larger networks, different behaviors
will emerge.
A. From a cavity-mediated cross-Kerr interaction
to a self-Kerr interaction
A cavity-mediated cross-Kerr interaction site is defined
by the LH parameters
G =
([ √
γa√
γb
]
,∆a†a+ ∆b†b+ χa†ab†b
)
. (16)
As there are two entries in the L parameter, this is a
two-input and two-output system.
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FIG. 3. (Color Online). (a) A single cross-Kerr interaction
site which we supplement with a mirrors to mimic a self-Kerr
site. (b) The generalization of (a) to a chain with two sites.
We now consider a mirror that routes the photons from
the output of port a to the input of port b, as in Fig. 3(a).
This is accomplished mathematically by using the feed-
back reduction rule (see rule 4 in [46]), which lead to the
new LH parameters
L1 =
√
γ(a+ b), (17a)
H1 =∆(a
†a+ b†b) + χa†ab†b+
γ
2i
(b†a− a†b). (17b)
The subscripts on L and H indicate these parameters are
for a single site with one input and one output.
The LH parameters give rise to the input-output rela-
tion
aout(t) =
√
γ (a+ b) + ain(t), (18)
and corresponding equations of motion for the cavity op-
erators [46]
∂ta = −
(γ
2
+ i∆
)
a− iχab†b−√γain(t) (19a)
∂tb = −
(γ
2
+ i∆
)
b− iχa†ab− γa−√γain(t). (19b)
These equations of motion were obtained assuming
that the interaction is mediated by a cross-Kerr medium
inside a cavity, but analogous equations could be ob-
tained using atomic systems. In Fig. 4 we show two
atomic realizations of our proposal. Through the rest of
the paper we restrict our description to the cavity case,
but the final results would be the same in all these sys-
tems as long as we consider at most two-photon scatter-
ing.
B. Single-photon S-matrix
Using Eq. (18) and the definition of the one photon
S-matrix in Eq. (10), we can write
Sω,ν =
1√
2pi
∫
dt 〈0| aout(t) |ν+〉 eiωt
= δ(ω − ν) +
√
γ
2pi
∫
dt 〈0| a+ b |ν+〉 eiωt. (20)
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FIG. 4. (Color Online). (a) A realization of our interac-
tion site using two three-level atoms. The transitions of each
atom (a and b) are addressed by different field modes. The
level structure is constructed so as to only induce a nonlinear
effect if both photons are absorbed, one by each atom. The
component proportional to 4χ is never accessed by two pho-
tons, and so can be dropped from the level structure. (b) A
6-level structure equivalent to (a) if there are less than two
excitations in the field. Each transition is addressed by a
different field mode, colored as in Fig. 1(a).
Taking the relevant matrix elements of Eq. (19a) and
solving the resulting differential equation, we obtain the
single-photon S-matrix
Sω,ν = Γ¯
2
ωδ(ω − ν) (21)
where we used the identity
Γ¯ω =
γ
Γω
− 1. (22)
Note that the S-matrix in Eq. (21) has the form of Eq. (2),
with tω = Γ¯
2
ω. Comparing with Eq. (13), we see that
Eq. (21) has twice the phase Γ¯ω. This is because in our
system of Fig. 1(b) the photons are effectively scattered
by two cavities.
C. Two-photon S-matrix
Let us now find the two-photon S matrix. In this Sec-
tion we use the techniques developed in Appendix A of
Ref. [34]. We begin by introducing a resolution of the
identity between aout(ω1) and aout(ω2) in Eq. (11). Due
to photon number conservation, the identity operator on
the relevant subspace is
∫
ds |s+〉 〈s+|. Using Eq. (18)
5and Eq. (21) we write
Sω1,ω2,ν1,ν2 =Γ¯
2
ω1
[
δ(ω1 − ν1)δ(ω2 − ν2)
+ δ(ω1 − ν2)δ(ω2 − ν1)
+
√
γ
2pi
∫
dteiω2t 〈ω+1 | a+ b |ν+1 ν+2 〉
]
This is similar to Eq. (A6) of [34], except that now we
have the sum of two delta functions, which is simply the
manifestation of bosonic statistics. Solving the remaining
part of the S matrix results in
Cω1,ω2,ν1,ν2 =−
χγ2
2pi
(
1 +
iχ
Γω1 + Γω2
)−1
×
(
Γ¯ν1 + Γ¯ν2
) (
Γ¯ω1 + Γ¯ω2
)
Γν2Γν1Γω2Γω1
, (23)
which has the same form as Eq. (14). Cω1,ω2,ν1,ν2
encodes the interaction term of the S matrix. The(
Γ¯ν1 + Γ¯ν2
) (
Γ¯ω1 + Γ¯ω2
)
factor is interpreted as follows.
In the scattering channel where the photons interact,
each must be absorbed by a different cavity mode, since
this is the only source of nonlinearity by design. The pho-
ton absorbed by mode a during the interaction also picks
up a linear phase at mode b, leading to the Γ¯ν1+Γ¯ν2 factor
(note the ν1 ↔ ν2 symmetry). Similarly, the Γ¯ω1 + Γ¯ω2
term comes from the linear phase that the other photon
picks up at mode a. From here on, for simplicity of no-
tation we indicate the ν1 ↔ ν2 symmetry explicitly in
equations.
Combined, Sec. III A, Sec. III B, and this Section show
that, at the two-photon level, a self-Kerr interaction can
be simulated by a cross-Kerr interaction and a mirror.
IV. TWO-SITE SELF-KERR SCATTERING
We now extend the results of Sec. III to two interaction
sites. The physical system we consider is represented in
Fig. 3(b). The LH parameters, after doing the feedback
connection, are
L =
√
γ(a1 + a2 + b1 + b2) (24a)
HT = Hself +Hint +Hcas (24b)
where the Hamiltonian has an on-site contribution com-
ing from the atoms’ self energies and an interaction term,
plus an effective Hamiltonian arising from cascading:
Hself = ∆(a
†
1a1 + a
†
2a2 + b
†
1b1 + b
†
2b2) (25a)
Hint = χ(a
†
1a1b
†
1b1 + a
†
2a2b
†
2b2) (25b)
Hcas =
γ
2i
(b†1a1 + b
†
1a2 + b
†
1b2 + b
†
2a1+
b†2a2 + a
†
2a1 + H.c.). (25c)
The corresponding two-site input-output relation and
equations of motion are:
aout(t) =
√
γ (a1 + a2 + b1 + b2) + ain(t), (26a)
∂ta1 =−
(γ
2
+ i∆
)
a1 − iχa1b†1b1 −
√
γain(t), (26b)
∂ta2 =−
(γ
2
+ i∆
)
a2 − iχa1b†2b2 −
√
γain(t),
− γa1 (26c)
∂tb2 =−
(γ
2
+ i∆
)
b2 − iχa†2a2b2 −
√
γain(t),
− γ(a1 + a2) (26d)
∂tb1 =−
(γ
2
+ i∆
)
b1 − iχa†1a1b1 −
√
γain(t)
− γ(a1 + a2 + b1). (26e)
Since from here on many calculations involved in ob-
taining the S-matrices are similar the procedure from
sections III B to III C and Ref. [34], we simply skip the
details and focus on the interpretation of the S-matrices.
A. Single-photon S-matrix
The single-photon S-matrix for two sites is:
Sω,ν =δ(ω − ν)+√
γ
2pi
∫
dt 〈0| a1 + a2 + b1 + b2 |ν+〉 eiωt. (27)
From this, the resulting single-photon S-matrix can be
written as in Eq. (2), where
tω = Γ¯
4
ω (28)
is the single-photon phase, implying four scattering
events.
B. Two-photon S-matrix
Following the previous steps we write the two-photon
S-matrix as
Sω1,ω2,ν1,ν2 = Γ¯
4
ω1
[
δ(ω1 − ν1)δ(ω2 − ν2) + δ(ω1 − ν2)δ(ω2 − ν1) +
√
γ
2pi
∫
dteiω2t 〈ω+1 | a1 + a2 + b1 + b2 |ν+1 ν+2 〉
]
.
6Which, together with Eqs. (26a)–(26e), leads to a two-site, two-photon S-matrix with the form of Eq. (3) where
Cω1,ω2,ν1,ν2 =−
χγ2
2pi
(
1 +
iχ
Γω1 + Γω2
)−1 (Γ¯3ν1 + Γ¯3ν2) (Γ¯3ω1 + Γ¯3ω2)+ Γ¯ν1 Γ¯ν2 Γ¯ω1 Γ¯ω2 (Γ¯ν1 + Γ¯ν2) (Γ¯ω1 + Γ¯ω2)
Γν2Γν1Γω2Γω1
(29)
This expression can be interpreted similarly as
Eq. (23). The nonlinearity is the sum of two contribu-
tions. The first, proportional to
(
Γ¯3ν1 + Γ¯
3
ν2
) (
Γ¯3ω1 + Γ¯
3
ω2
)
,
corresponds to the case where photons interact at site 1.
The sum of phases encodes phases picked up by photons
in those sites where they did not interact. One photon
picks up phase Γ¯3ω1 or Γ¯
3
ω2 while interacting with the cav-
ity modes a1, a2 and b2, while the other phase is picked
up by the other photon at modes a2, b2 and b1. Similarly,
the second term corresponds to the case where photons
interacted at site 2. Both photons interact with mode a1
and b1, hence the phases Γ¯ω1 Γ¯ω2 and Γ¯ν1 Γ¯ν2 respectively.
Finally, one input photon picked up a phase from mode
a2, and one output photon picked up a phase from mode
b2.
This S-matrix has the interesting property of not con-
taining terms with nonlinearities coming from more than
one site. This is analogous to what was observed for
counter-propagating photons interacting via cross-Kerr
interaction sites [51], as in [34, 35]. There, the fact that
photons were propagating along the chain in opposite di-
rections meant that, due to causality, they could only in-
teract at a single site. As the number of sites increased,
this was interpreted as responsible for the vanishing of
spectral entanglement between output photons, and ul-
timately for the good performance of this system as a
two-photon CPHASE gate.
For self-Kerr interactions, counter-propagating condi-
tions are effectively mimicked by the introduction of the
mirror in Fig. 3(b). Clearly, causality precludes the pho-
tons from interacting in more than one site: when they
interact at site i it is because one was absorbed into mode
ai and the other into mode bi. But afterwards the pho-
tons continue to propagate in different directions, and do
not meet again at another site. This suggests we have
successfully emulated the counterpropagating conditions
that led to the high fidelity CHPASE gate. In the un-
wrapped lattice [see Fig. 2(b)], the lack of interactions at
more than one site is also enforced by causality, since it
translates to the impossibility of photons propagating to
the opposite side of the lattice instantaneously. Let us
now confirm this by analyzing this system’s behavior for
larger numbers of sites.
V. N-SITE SCATTERING AND THE
CONTINUUM LIMIT
We now consider the scattering problem on a chain
of N interaction sites, as in Fig. 2. In Refs. [34, 35],
we formulated the N -site problem and determined the
S-matrix by induction. The current problem requires a
similar calculation which would be a cumbersome reap-
plication of the same steps from sections III to IV and
those in [34, 35]. Instead, we simply conjecture a form
for the N -site S-matrix, based on prior calculations and
our interpretations of Eq. (23) and Eq. (29).
A. Conjectured one and two-photon S matrices
We conjecture the single-photon S matrix to be
Sω,ν = Γ¯
2N
ω δ(ω − ν). (30)
This is the immediate generalization of Eq. (21) and
Eq. (28) where a photon picks up phases from each of
the 2N cavity modes it couples to.
Our conjecture for the two-photon S matrix is of the
form of Eq. (3), with
tω = Γ¯
2N
ω , (31)
as per Eq. (30), and
Cω1,ω2,ν1,ν2 =−
χγ2
2pi
(
1 +
iχ
Γω1 + Γω2
)−1
1
Γν2Γν1Γω2Γω1
×
N∑
j=1
(
Γ¯ω1 Γ¯ω2 Γ¯ν1 Γ¯ν1
)N−j
(
Γ¯2j−1ω1 + Γ¯
2j−1
ω2
) (
Γ¯2j−1ν1 + Γ¯
2j−1
ν2
)
.
(32)
This is the natural generalization of previous results to
the N -site case. It has the same nonlinear term as in
Eq. (29), which is multiplied by a summation over phases.
Each term j in this summation comes from the scattering
channel where photons interact at site N +1− j, and the
summand correspond to the linear phases picked up in
those sites where the photons did not interact. As an
additional check that this expression is sensible, one can
easily re-obtain Eq. (23) and Eq. (29) for the N = 1
and N = 2 cases respectively. By using the identity∑N
i=1 x
n−iyi−1 = (xn−yn)/(x−y) we can write Eq. (32)
in a simpler form
Cω1,ω2,ν1,ν2 =−
χγ2
2pi
(
1 +
iχ
Γω1 + Γω2
)−1
1
Γν2Γν1Γω2Γω1
×
[
(Γ¯ω2 Γ¯ν2)
2N − (Γ¯ω1 Γ¯ν1)2N
(Γ¯ω2 Γ¯ν2)− (Γ¯ω1 Γ¯ν1)
]
+ ν1 ↔ ν2.
(33)
7B. Continuum limit
From the conjectured form of the S-matrix in Eq. (33)
we can also look at the behavior of our system at the
N → ∞ limit. We begin by rewriting the interference
term
I :=(Γ¯ω2 Γ¯ν2)
2N − (Γ¯ω1 Γ¯ν1)2N
(Γ¯ω2 Γ¯ν2)− (Γ¯ω1 Γ¯ν1)
(34)
=e(2N−1)(φ1+φ2)
sin [2N(φ1 − φ2)]
sin(φ1 − φ2) (35)
where we defined φi such that Γ¯ωi Γ¯νi = e
2iφi for i = 1, 2
(note from definition that Γ¯ω is simply a phase). Now
we make two crucial assumptions: first, that wave pack-
ets are spectrally narrow, and second that they are on-
resonance with the cavities, such that all relevant fre-
quencies are sufficiently concentrated around ∆. This
allows us to write
φi ≈ 2
γ
(ωi + νi − 2∆) (36)
for i = {1, 2}. This, together with the fact that
limN→∞ sinNx/x = piδ(x), leads to
I = γpi
2
e2(2N−1)φ1δ(ω1 + ν1 − ω2 − ν2).
The corrections to the width of this delta function are of
order 1/N , which implies the incident photon must have
a spectral bandwidth of order γ/N . The same reason-
ing holds for the term where the roles of ν1 and ν2 are
reversed. By using the approximation above and
δ(ω1+ω2−ν1−ν2)δ(ω1+ν1−ω2−ν2) = 1
2
δ(ω1−ν2)δ(ω2−ν1)
we rewrite the S matrix as
Sω1,ω2,ν1,ν2
= Γ¯2Nω1 Γ¯
2N
ω2 [δ(ω1 − ν1)δ(ω2 − ν2) + δ(ω1 − ν2)δ(ω2 − ν1)]
×
[
1− iχγ
3
8
(
1 +
iχ
Γω1 + Γω2
)−1
1
|Γω1Γω2 |2
]
. (37)
From this we see that the S-matrix (and T-matrix) has
reduced to the form of (6). Thus, our previous intuition is
manifest: for very long chains the spectral entanglement
vanishes, and we approximately circumvent the restric-
tion imposed by the CDP. This is the self-Kerr analogue
of the result of [34, 35], and is equal (up to a redefinition
of χ) to Eq. (66) of [34]. The only difference is in sym-
metrization with respect to exchange of ν1 and ν2. Phys-
ically, this term originates from bosonic statistic, since
here the photons are identical, whereas in [34] they could
be distinguished by the chiral modes in which they prop-
agated. In any case, the effective counter-propagation
leads to momentum and energy conservation becoming
independent conditions, thus removing spectral entan-
glement.
An S-matrix equivalent to the ideal two-photon self-
Kerr effect can be obtained if we further simplify Eq. (37)
by making the approximation Γω ≈ γ/2, in which case
the term in the square brackets becomes the phase(
γ − iχ
γ + iχ
)
= e−i2 tan
−1(χ/γ) = e−iΦ(χ,γ), (38)
which should be compared with Cν1,ν2 from Eq. (6). In
the χ→∞ limit Φ(χ, γ) = pi so that
〈ω−1 ω−2 |ν+1 ν+2 〉
= −Γ¯2Nω1 Γ¯2Nω2 [δ(ω1 − ν1)δ(ω2 − ν2) + δ(ω1 − ν2)δ(ω2 − ν1)] .
(39)
This S-matrix indicates that, up to bosonic statistics and
linear phase effects, the two-photon wavepacket simply
acquires a pi phase, as desired.
VI. INTERPRETATION AND DISCUSSION OF
THE CDP
Let us discuss one intuitive way to understand our re-
sults and how they relate to the cluster decomposition
principle. To that end, consider a semiclassical picture
where we suppose the initial position of the two pho-
tons are sampled from their (common) wavepacket dis-
tribution |ξ(x)|2 far away from the interaction region, see
Fig. 5. We assume the wavepacket has spatial (or tempo-
ral) length L. The two particles then propagate towards
the interaction region with the sampled distance between
them.
Wavepacket(a)
(b)
(c)
I II III
FIG. 5. (Color Online). (a) We interpret the square of the
wavepacket as the probability to find the photon in a given
position x. Consider the semiclassical picture where we sam-
ple photons from the wavepacket at discrete sites. Suppose
the first photon is sampled at some position, and the second
at different distances from it (I - III). If interactions are local,
as in (b), only when the second photon is at position (II) do
they interact. With interactions of varying distances, as in
(c), the photons are more likely to interact no matter how far
apart they were sampled. The non-locality structure of (c) is
effectively mimicked by our mirror arrangement [cf. Fig. 2].
In our proposal, the interaction region consists of dis-
crete scattering sites that interact according to some con-
8nectivity graph. The locality of the graph essentially de-
termines the probability the particles will interact. From
Fig. 5 we see that, for the particles to be likely to inter-
act independently of how far apart they were sampled,
the interaction graph requires non-local connections of
all lengths up to order L. This range of non-local con-
nections can be effectively achieved via the use of the
mirror [cf. Fig. 2], via counter-propagation [34, 35], or
propagation with different group velocities.
One might ask why not use short wavepackets, thus
ensuring the photons are likely to be sampled close to
each other in the first place. The reason can be traced
to the interaction between the field and the atoms: if
photons are too broad in the frequency domain, they are
not likely to be absorbed by the medium, and so never
get the chance to interact. This effect is not captured by
our semiclassical picture, but is straightforward to see in
the full quantum description.
We have partially answered why many sites are re-
quired in the semiclassical picture: so particles sampled
from long wave packets have the chance to interact. If we
adopt a full wave-like picture, additional interpretation
can be given. Specifically, the long range interactions and
number of sites ensure the wave packet gets a uniform
phase shift. Colloquially, every part of the wavepacket
sees all other parts.
Finally, consider the cluster decomposition principle.
For any finite size of the medium, if we consider the two
photons sampled farther apart than that there would be
no interaction, agreeing with one formulation of the CDP
[29]. However, as the length of the wavepackets (and the
effective medium length) tend to infinity the medium be-
comes infinitely long, and the interactions effectively ex-
tremely nonlocal [if represented in the unwound manner
of Fig. 2(b)], which formally breaks the assumptions of
the CDP.
VII. APPLICATION TO TWO-QUBIT GATES
In this Section we discuss the application of our results
to quantum computing. Many of the original proposals
for photon-photon gates were based on cross-Kerr non-
linearities [52, 53], see Fig. 6(a). However, by using
a beamsplitter and taking advantage of the Hong-Ou-
Mandel effect we can construct a photon-photon gate out
of two self-Kerr nonlinearities [7, 8], as in Fig. 6(b).
We have shown that the S-matrix in Eq. (33) reduces
to the ideal two-photon self-Kerr S-matrix in the limit of
long chains (N →∞), very large χ and spectrally narrow
on-resonance wave packets. But we can also ask how the
chain of Fig. 2 performs for finite N , to gauge whether
this proposal could be applicable in practice.
To that end, let us compare Eq. (33) with the equiva-
lent Cω1,ω2,ν1,ν2 obtained from Eq. (60) of Ref. [34], the
result for the N -site cross-Kerr setup which we write as
(redefining χ by a factor of 2 to simplify comparison)
Cω1,ω2,ν1,ν2 =−
χγ2
2pi
(
1 +
iχ
Γω1 + Γω2
)−1
1
Γν2Γν1Γω2Γω1
×
[
(Γ¯ω2 Γ¯ν2)
N − (Γ¯ω1 Γ¯ν1)N
(Γ¯ω2 Γ¯ν2)− (Γ¯ω1 Γ¯ν1)
]
Up to the symmetrization on the ν’s, the interaction term
in the self-Kerr S-matrix of Eq. (33) for N sites corre-
sponds exactly to the interaction term in the cross-Kerr
S-matrix of [34] for 2N sites.
The fact that the self-Kerr S-matrix matches the cross-
Kerr S-matrix with twice the number of sites can be easily
understood. In our proposals, the S matrix shows that
photons actually acquire a large phase shift from a single
site (in contrast with, e.g. [54], where many sites are re-
quired to build up the phase shift). The N →∞ limit is
necessary for two reasons [34, 35]. First, to increase the
amplitude that photons interact in at least one site. Sec-
ond, to remove spectral entanglement by interference of
different frequency components. In this sense, the chain
in Fig. 2 is equivalent to a chain with twice as many sites
as that of [34, 35], since photons effectively transverse 2N
sites in a round trip inside the chain (even though there
are only N couplings between right and left propagating
modes).
This does not mean that the setup of Fig. 2 is twice
as efficient as the analogous cross-Kerr one for specific
tasks. To see why, consider the standard way to construct
a CPHASE gate using these interactions, as in Fig. 6.
Let qubits be encoded in a standard dual-rail encod-
ing, i.e. qubit computational states are |0〉L = |01〉 and|1〉L = |10〉, corresponding to a photon that can be in
one of two modes (spatial, polarization, or frequency).
An arbitrary single-qubit unitary on this encoding can be
achieved with beam splitters and phase shifters. The two-
qubit gate we target is the controlled-phase or CPHASE
gate. A CPHASE can be achieved with the following
transformation in the physical basis
U(φ) =
 1 0 0 00 1 0 00 0 1 0
0 0 0 eiφ
 (40)
when φ = pi we have the usual controlled-Z gate.
It is easy to see that an ideal cross-Kerr interaction
between one mode from each qubit, as in Fig. 6(a), di-
rectly implements a CPHASE gate. The standard way
[7, 8] to implement the same gate using a self-Kerr in-
teraction is shown in Fig. 6(b). The Hong-Ou-Mandel
effect transforms a |11〉 state into a superposition of |02〉
and |20〉. We route this state to two parallel self-Kerr
interactions to apply a pi phase, and finally use a second
beamsplitter to recover a − |11〉 state. We can now re-
place the each ideal interaction in Fig. 6 by an N -site
chain of either cross-Kerr [34, 35] or self-Kerr (Fig. 2) in-
teractions. Since the S-matrices are essentially identical,
9(a) (b)
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FIG. 6. (Color Online). Three CPHASE gates using Kerr
nonlinearities and dual-rail encoding [7]. For simplicity, we
chose the encoding such that the |1〉Q1 and |1〉Q2 logical states
are given by the |01〉12 and |10〉34 physical states respectively.
(a) A cross-Kerr interaction applied to one mode of each qubit
(first proposed in [52, 53]). (b) Two modes pass through a
balanced beam splitter. Whenever both are occupied with a
single photon the photons exit together, and are routed to
two parallel nonlinear sign-shift gates [7, 8], which can be
implemented using our self-Kerr construction. (c) By using
half-wave plates (HWP) and polarizing beam splitters (PBS),
we can store the dual-rail encoding temporarily in the photon
polarization, enabling the gate with a single self-Kerr inter-
action. Of course, under the caveat that the interaction must
be fully polarization-independent.
the self-Kerr chain attains the same gate quality (mea-
sured in terms of the average gate fidelity) as a cross-Kerr
chain with twice the number of sites.
The similarity between the self-Kerr and cross-Kerr S-
matrices already implies a connection between fidelities
of any task performed with the present proposal and that
of [34, 35], as outlined above. For completeness, in ap-
pendix A we describe how these fidelities can be com-
puted from the reported S-matrices. From these numer-
ical calculations we conclude that, assuming the input
photons to be Gaussian wavepackets and our goal to be
a CPHASE gate with a pi phase shift, the best average
gate fidelities obtained with our self-Kerr proposal are
95%, 99% and 99.9% using chains of 2 × 3, 2 × 6 and
2 × 25 sites, respectively. As the number of sites in-
creases, the input wavepacket that maximizes the fidelity
becomes narrower. We can fit the best achievable fidelity
F (σopt, N) and the corresponding optimal wave packet
width σopt(N) to see how they scale as N increases, ob-
taining [35]:
1− F (σopt, N) = 0.537N−1.61, (41a)
σopt(N) = 0.350N
−0.81. (41b)
Interestingly, if the interaction sites are polarization-
independent, we can reduce the number of sites required
by the self-Kerr chain by half. This is depicted in
Fig. 6(c). By using a half-wave plate and a polarizing
beam splitter we can map the |02〉+ |20〉 state e.g. into a
|HH〉+ |V V 〉 state. As long as the medium acts identi-
cally on both polarization states, a single self-Kerr chain
can induce a pi phase on both polarization sectors at
once. This would reduce the required number of sites
for 95%, 99% and 99.9% fidelities to 3, 6 and 25, respec-
tively, at the cost of more stringent constraints on the
interaction sites.
On the other hand, if the desired task [1–3] requires
implementing the self-Kerr transformation on a propa-
gating mode, our new proposal might be more efficient.
Furthermore, the observation that the self-Kerr chain
only contains N actual points of interaction, but that
interference effects happens as if there were 2N sites,
helps to elucidate the role of interference in obtaining a
high-fidelity approximation in the N → ∞ limit. For
example, it raises the question of whether there is a dif-
ferent geometrical arrangement of interactions (see e.g.
[55]) that maximizes interference effects while minimiz-
ing the number of actual nonlinearities. This would be
beneficial in practice since the latter are more technolog-
ically demanding.
VIII. CONCLUSIONS
In this paper, we showed how to construct a micro-
scopic model for a medium that approximates the be-
haviour of a self-Kerr medium in the one- and two-photon
regime. The main idea is to use a mirror at the end of
a chain of cross-Kerr sites to simulate counterpropaga-
tion for two photons that propagate in the same mode,
allowing us to draw from intuition developed in previous
work [34, 35]. We also discuss how our proposal satis-
fies the cluster decomposition principle for any finite size
(i.e. finite number of interaction sites), but more impor-
tantly we also show how one can get arbitrarily close to
violating the CDP as the length of chain increases.
One possible application of this proposal is in the con-
struction of a photonic two-qubit CPHASE gate. We
conclude that our proposal can achieve high fidelities
(e.g. 99%) with a modest number of interaction sites (12).
The resource count of our self-Kerr proposal seems to be
exactly the same as the cross-Kerr construction of [35],
although the self-Kerr proposal might be more flexible
under particular circumstances.
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With respect to quantum computing applications the
main open question is whether the insight on the role of
interference discussed in Sec. VII can be leveraged to pro-
pose even more efficient constructions. In our self-Kerr
proposal the interference effects in the S-matrix accumu-
late twice as fast as in our cross-Kerr proposal, for the
same number of sites. It is these interference effects that
are responsible for the decay of spectral entanglement as
the size of the chain increases. Therefore, one can imag-
ine a more complex situation where photons traverse an
N -site chain many times (or using a different interac-
tion network), building up the interference effects faster.
The intuition developed here suggests such a proposal
might lead e.g. to a more efficient CPHASE gate (with
respect to number of interaction sites). Other natural
open questions include, for example, the analysis of the
effect of experimental imperfections such as thermal noise
and losses [56], or the calculation of S matrices for larger
number of photons.
One fundamental and open question for nonlinear
quantum optics is to relate the two-photon S-matrix we
derived to an effective field-field interaction inside some
dielectric. For example, much of the older quantum op-
tics literature [9–11, 16, 17] considers fields that interact
directly via some Hamiltonian of the type
χ
∫
dx
∫
dyV (x− y)φ†(x)φ†(y)φ(y)φ(x) (42)
where φ†(x) and φ(x) are field operators, and V (x − y)
is a potential, e.g. V (x − y) = δ(x − y). In contrast,
our work explicitly models the matter that mediates the
field-field interactions. It would be interesting to see if
the S matrices were reported here could be converted into
an effective field-field interaction Hamiltonian [57, 58].
Upon completion of this work we became aware of re-
cent work by Cohen and Mølmer [59] which considers a
similar physical system. Their final goal is in a sense the
inverse of ours: their qubits are encoded in the chain sites
(each including a qubit encoded in a three-level atom),
and the field is used to mediate the two-qubit gates. In
our proposal, the qubits are encoded in the photons and
the chain of atoms acts as the interaction mediator.
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Appendix A: Computing fidelities
For completeness, here we describe how to obtain the
average gate fidelities from the S-matrices in eqs. (30)
and (37). For a more in-depth discussion, see [34, 35]
The first step is to choose an input wave packet shape.
Here we assume input photons to have Gaussian profiles,
given by
ξin(ω) =
1
(2piσ2)1/4
exp
[
− (ω − ωc)
2
4σ2
]
, (A1)
where ω0 is the detuning (i.e. the carrier frequency is
ωc = ∆ + ω0) and σ is the bandwidth. These can be
mapped to the corresponding output wavepackets using
the S-matrix:
ξ
(1)
out(ν) =
∫
dωSω,νξin(ω),
ξ
(2)
out(ν1, ν2) =
∫
dω1dω2Sω1,ω2,ν1,ν2ξin(ω1)ξin(ω2).
We remark that all integrations must be performed
only in half the frequency space, e.g. for ω1 ≥ ω2, since
bosonic statistics means that |ω+1 ω+2 〉 and |ω+2 ω+1 〉 are
actually the same state. The average gate fidelity can
now be computed as
F (φ) :=
∫
dψ 〈ψ|Sid(φ)†Sact |ψ〉〈ψ|S†actSid(φ) |ψ〉 (A2)
where the integration is over the two-qubit Haar measure,
and Sid(φ) and Sact are the desired S-matrix and the one
that describes our system, respectively. Following the
arguments in [35], we choose to ignore the single-photon
deformation, as there are error-correction techniques that
allow us to circumvent it. Concretely, this means our
ideal S-matrix Sid(φ) is of the form (6), but with Cν1,ν2 =
eiφΓ¯2Nν1 Γ¯
2N
ν2 rather than simply Cν1,ν2 = e
iφ.
By using the fact that we ignore single-photon defor-
mation and that our operation conserves photon number,
we can show that Eq. (A2) reduces simply to
F (φ) =
1
10
(
6 + 3Re(eiφF) + |F|2) , (A3)
where F is the overlap between the output single- and
two-photon output wave packets:
F =
∫
[ξ
(1)
out(ν1)ξ
(1)
out(ν2)]
∗
ξ
(2)
out(ν1, ν2)dν1dν2. (A4)
From this expression we performed numerical integra-
tions for different numbers of sites and photon band-
widths, and obtained the fidelities reported in the main
text. By computing fidelities for N = 4 . . . 20 we were
able to fit the expected asymptotic behavior of these
quantities reported in Eq. (41).
Appendix B: Comparison with probabilistic
linear-optical gates
In this Appendix we discuss some practical aspects of
our proposal and compare it with probabilistic linear-
optical gates, such as the KLM scheme. We begin by
pointing out two issues that complicate such a com-
parison. First, non-linear and linear-optical logic gates
use different resources, and which one is more efficient
depends heavily on underlying available technologies.
Second, both approaches still require much theoreti-
cal improvement, e.g. especially-tailored quantum error-
correction. Thus, we caution the reader not to read too
much into the following comparisons. We intend to carry
out a full analysis of the experimental feasability of our
approach in future work. For now, we direct the reader
to [34, 35] for open questions regarding our proposal, and
to [60] for a (somewhat optimisc) review of the state-of-
the-art of linear-optical quantum computing.
Consider the following three practical aspects of
quantum-optical computing:
1. Losses;
2. Break-even point for deterministic gates vs. proba-
bilistic gates (such as in the KLM scheme [7]);
3. Overhead in the number of optical elements.
Losses. Let us assume that at each scattering site there
are photon losses η, which may arise from propagation
losses or emission into nonguided modes. We model such
losses as a beam splitter into an unobserved mode:
BS =
( √
1− η2 −η
η
√
1− η2
)
. (B1)
For simplicity, we make two assumptions: first, that
losses commute through into a single beam splitter at the
end of the chain, and second that losses are sufficiently
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small such that Nη  1. Thus, after N cross-Kerr sites
we have losses corresponding to a final beamsplitter given
by (BS)2N , leading to a loss probability of approximately
4N2η2 per photon.
In the context of quantum computation there is an-
other perspective on loss. From the threshold theorem,
we know that it suffices for gates to be above a certain
fixed fidelity, and so we can choose some constant N ,
say 5 or 12. Furthermore, with a measurement-based ap-
proach such as [61], each photon crosses only 3 CPHASE
gates in the entire computation. Thus, there is always η
small enough such that any photon survives with high
probability regardless of the computation size. Thus,
even if losses are problematic for near-term implemen-
tations, they are not a fundamental obstacle for our pro-
posal and can be resolved with technological improve-
ments. This feature is also shared by linear-optical pro-
posals for a similar reason, as discussed in [60, 62].
Deterministic break-even point. We now make a sim-
plistic comparison between probabilistic (i.e. KLM) and
deterministic optical gates. Suppose we perform D two-
qubit gates in sequence. As figure of merit we choose the
probability-fidelity pF product [63], which one can argue
represents the overall probability to achieve the desired
goal. For deterministic gates, the success probability is
Pdet = 1, while each gate has fidelity Fdet = 1− . For D
gates, (pF )det = (1−)D. In the probabilistic case, gates
have Pprob = 1/δ with δ ≥ 1 and fidelity Fprob = 1. In
the standard KLM scheme, Pprob = 1/16 (at the cost
of two ancilla photons). There is numerical evidence
to suggest that the maximum achievable probability for
unit-fidelity two-qubit gates is 2/27 [64], at least if one
is restricted to a few ancilla photons. At any rate, the
pF product for probabilistic gates is (pF )prob = 1/δ
D.
Thus, for any  < 1− δ we have (pF )Det > (pF )non−Det.
Since, as we have shown, we can achieve arbitrarily low ,
this suggests that high-quality deterministic gates always
outperform probabilistic gates.
This analysis leaves out a few important points. First,
the most promising approach for linear-optical quan-
tum computing is based on so-called fusion gates, which
work with probability 3/4 [62]. Their action (and failure
modes) are not exactly the same as the KLM CPHASE
gate, and it is not obvious how to include them in the
above comparison. Second, the success of linear-optical
gates are always heralded at each gate. Thus, when fail-
ure happens you can abort the computation, or let stan-
dard error-correction techniques deal with it. Alterna-
tively, recent approaches [62] use probabilistic gates to
construct random graph states, and use them for com-
putation. This is a promising approach not amenable to
the above analysis.
Number of elements. According to [60], the most
up-to-date estimate on the resource overhead of linear-
optical quantum computing is the following: suppos-
ing one has access to a deterministic source of entan-
gled three-photon states (which is an open challenge),
a cluster-state architecture would induce an overhead of
20 physical photons per logical qubit, would not need
quantum memories, and every photon would only ever
go through a constant number of optical elements (lim-
iting the detrimental effect of losses).
Our approach, in its current form, requires 5 (12) in-
teraction sites to achieve a fidelity of 95% (99%), plus a
similar number of circulators unless one uses tricks from
“chiral quantum optics” [65]. As discussed in the main
text, if all interactions are polarization-independent this
number can be halved. By using measurement-based
quantum computing, our proposal also benefits from a
constant-depth (hence low loss). Another benefit is that
all elements are passive, whereas linear-optical propos-
als rely heavily on measurement adaptation and side
classical processing (with the caveat that these elements
would likely be necessary for quantum error correction
or measurement-based quantum computation). Finally,
we point out that linear optics has received two decades
of theoretical work that pushed down its resource over-
head by several orders of magnitude, whereas quantum
computing based on the Kerr effect has not received the
same amount of attention, partly due to previous work
suggesting it was impossible. We believe that there is
much theoretical work to be done to simplify our pro-
posal and bring it to a feasibility level comparable with
current technology, see e.g. the recent work of Konyk and
Gea-Banacloche [66] which improves the resource count
on our cross-Kerr proposal.
Ultimately, we leave for the reader and for experi-
ments to decide which approach is more feasible, and
how this comparison will evolve with future technologi-
cal advancements. We echo the feeling expressed in [60]
that, at the end of the day, a full-fledged quantum com-
puter, with quantum channels between its components
and connected to a quantum communications network,
will likely require a hybrid scheme involving matter-based
and optics-based implementations, motivating research
and development in a diversity of directions.
